Dark Energy as a Relic of the Vacuum-Energy Cancellation? by Lecian, O. M. & Montani, G.
ar
X
iv
:0
70
9.
14
00
v1
  [
gr
-q
c] 
 10
 Se
p 2
00
7
Dark Energy as a Reli of the Vauum-Energy
Canellation?
Orhidea Maria Leian
12a
and Giovanni Montani
1234b
,
1
ICRA  International Center for Relativisti Astrophysis.
2
Dipartimento di Fisia, Università di Roma La Sapienza, P.le Aldo Moro 5,
00185 Roma, Italy.
3
ENEA C.R. Frasati (Dipartimento F.P.N.), Via Enrio Fermi 45,
00044 Frasati, Roma, Italy.
4
ICRANET C. C. Pesara,
Piazzale della Repubblia, 10, 65100 Pesara, Italy.
a
E-mail: leianira.it
b
E-mail: montaniira.it
PACS: 04.20.Cv Fundamental problems and general formalism , 04.20.Fy Canonial
formalism, Lagrangians, and variational priniples, 98.80.k osmology, 98.80.Q
quantum osmology,
Abstrat
We analyze the dynamial impliations of an exponential Lagrangian density for the
gravitational eld, as referred to an isotropi FRW Universe. Then, we disuss the fea-
tures of the generalized deSitter phase, predited by the new Friedmann equation. The
existene of a onsistent deSitter solution arises only if the ratio between the vauum-
energy density and that assoiated with the fundamental length of the theory aquires
a tantalizing negative harater. This hoie allows us to explain the present universe
dark energy as a reli of the vauum-energy anellation due to the osmologial on-
stant intrinsially ontained in our sheme. The orresponding salar-tensor desription
of the model is addressed too, and the behavior of the salar eld is analyzed for both
negative and positive values of the osmologial term. In the rst ase, the Friedmann
equation is studied both in vauum and in presene of external matter, while, in the
seond ase, the quantum regime is approahed in the framework of repulsive prop-
erties of the gravitational interation, as desribed in reent issues in Loop Quantum
Cosmology. In partiular, in the vauum ase, we nd a pure non-Einsteinian eet,
aording to whih a negative osmologial onstant provides an aelerating deSitter
dynamis, in the region where the series expansion of the exponential term does not
hold.
Introdution
One of the most puzzling questions, whih has ome out from the modern understand-
ing of the Universe evolution, is ertainly the present value of the osmologial onstant
[1℄. In fat, the observations of the reession of SNIA, Super-Novae I A, (treated as
standard andles) provide onvining indiations for an aelerating Universe [2℄. This
surprising behavior is guaranteed by a negative-pressure ontribution, and the determi-
nation of the preise equation of state for the matter that is aelerating the Universe
is the present hallenge for osmologists. However, data from the osmi-mirowave
bakground suggest that the so-alled Dark Energy has reliably the features of a os-
mologial onstant, whih orresponds to about 70 perent of the ritial density of the
Universe. Suh an amount of the osmologial term is relevant for the atual dynamis,
but extremely smaller than the vauum value. Estimations of the vauum energy yield
indeed the Plankian value, orresponding to 10120 times the observed numbers. This
striking ontradition between the theoretial preditions and the atual value suggest
that, if the Universe aeleration is really due to a osmologial onstant, then a preise
mehanism of anellation must be xed for the vauum energy density. We stress that
no fundamental theory provides a onvining explanation for suh a anellation and
therefore it is naturally expeted to nd it from spei features of the eld dynamis.
The main interesting proposals to interpret the presene of Dark Energy an be divided
into two lasses [3℄: those theories that make expliitly presene of matter and the other
ones, whih relay on modiations of the Friedmann dynamis. Here, we address a mix-
ture of these two points of view, with the aim of larifying how the non-gravitational
vauum energy aets so weakly the present Universe dynamis [4℄. In what follows,
we determine the Friedmann equation orresponding to an exponential form for the
gravitational-eld Lagrangian density. The peuliar feature of our model is that the
geometrial omponents ontain a osmologial term too, whose existene an be reog-
nized as soon as we expand the exponential form in Taylor series of its argument. An
important feature of our model arises when taking a Plankian value for the fundamental
parameter of the theory (as requested by the anellation of the vauum-energy density).
In fat, as far as the Universe leaves the Plankian era and its urvature has a arater-
isti lenght muh greater than the Plankian one, then the orresponding exponential
Lagrangian is expandible in series, reproduing General Relativity (GR) to a high degree
of approximation. As a onsequene of this natural Einsteinian limit (whih is reahed
in the early history of the Universe), most of the thermal history of the Universe is unaf-
feted by the generalized theory. The only late-time eet of the generalized framework
onsists of the reli osmologial term atually aelerating the Universe. Indeed, our
model is not aimed at showing that the present Universe aeleration is a onsequene
of non-Einsteinian dynamis of the gravitational eld, but at outlining how it an be
reognized from a vauum-energy anellation. Suh a anellation must take plae in
order to deal with an expandable Lagrangian term and must onern the vaum-energy
density as far as we build up the geometrial ation only by means of fundamental units.
The really surprising issue xed by our analysis is that the deSitter solution exists in
presene of matter only for a negative ratio between the vauum-energy density and the
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intrinsi osmologial term, ǫvac/ǫΛ. We an take the hoie of a negative value of the
intrinsi osmologial onstant, whih predits an aelerating deSitter dynamis. Nev-
ertheless, in this ase, we would get a vauum-energy density greater than the modulus
of the intrinsi term. This fat looks like a ne-tuning, espeially if we take, as we will
do below, a Plankian osmologial onstant. The vauum-energy density is expeted
to be smaller than the Plankian one by a fator O(1)×α4, where α < 1 is a parameter
appearing in non-ommutative formulations of the relativisti partile.
The analysis of the orresponding salar-tensor model helps us shed light on the physial
meaning of the sign of the osmologial term. In fat, for negative values of the osmolog-
ial term, the potential of the salar eld exhibits a minimum, around whih salar-eld
equations an be linearized. The study of the deSitter regime shows that a omparison
with the modied-gravity desription is possible in an o-shell region, i.e., in a region
where the lassial equivalene between the two formulations is not fullled. However,
despite this apparently unphysial harater, this hoie is allowed by reent develop-
ments in Loop Quantum Cosmology (LQC). In fat, Ashtekar et al [5℄ have shown that,
over a ritial value, xed by the Immirzi parameter [6℄ γ, the eetive osmologial en-
ergy density beomes negative, and gravity exhibits a repulsive harater, so that a Big
Boune of the Universe is inferred. The reason why our sheme an solve the problem of
the osmologial onstant is that our generalized Friedmann equation not only aquires
the negative ratio disussed above, but also states that its value is (−1 + x), where x
is less/equal to the squared ratio between the Plankian length an the present Hubble
radius.
We an summarize our point of view by the assumption that we want to build up a gen-
eralized gravitational ation, whih depends on the Plank length as the only parameter.
This statement leads naturally to the exponential form of the Lagrangian density, hene
it provides the framework of our proposal. By other words, the anellation that takes
plae between the intrinsi term and the eetive vauum energy leaves a reli term, of
order 10−120 times the present Universe Dark Energy, muh smaller than the original.
It is worth stressing that this semi-anellation ould be treated in the usual Einstein-
Hilbert (EH) sheme by introduing a positive osmologial term whih ompensates
for the vauum-energy density. The Einsteinian regime of the exponential Lagrangian
density an be reovered after a series expansion. Nevertheless, two dierent possibilities
are found: the series expansion either does not hold or brings puzzling preditions about
the osmologial term. Correspondingly, in the rst ase, an unlikely impliation would
appear when dealing with a non-Einsteinian physis on all astrophysial sales, and, in
the seond ase, the expansion is only possible in the region Λ >> R, i.e., in the region
where the osmologial onstant dominates the dynamis, but for the fat that R should
be the same order of Λ. This ontradition an only be solved if a suitable anellation
mehanisms is hypothesized: here we nd the onstraint on the ratio ǫvac/ǫΛ ≪ 1 in the
deSitter regime in presene of matter.
In the rst Setion, we will analyze the problem of generalized Einstein equations from
an extension of the EH ation within a metri approah. In fat, for a generi funtion
f(R), eld equations will be evaluated after variation with respet to the metri tensor;
in the limit f(R)→ R, standard Einstein equations will be reovered. If a generi met-
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ri in the Jordan frame is onsidered, i.e. ds2 = N2dt2 − a2dl2, the funtion f(R) will
depend on a and on N : these two funtions are the Lagrangian variables with respet
to whih the total ation will be varied. These two variations will lead to the 00 and ii
omponents of the Einstein equations, respetively, and the equivalene will be explained
in the synhronous ase.
The orresponding salar-tensor model is briey reviewed in Setion 2, where the equiv-
alene between f(R) theories and a salar eld in General Relativity is disussed.
In Setion 3, the interpretative problems of the vauum energy will be introdued, and
the neessity to establish a ut o will be approahed, as an example, within the for-
malism of the modied anonial ommutation relations predited by the generalized
unertainty priniple (GUP).
The fourth Setion is aimed at investigating the features of an exponential gravitational
ation, as far as the deSitter regime is onerned, and the appearane of a negative
energy density will be regarded to as a means to explain the present small value of the
Universe vauum energy.
The salar-tensor model for an exponential Lagrangian density will be analyzed in Se-
tion 5, and, for the deSitter phase, the salar eld will be shown to admit a damped
osillating solution that tends to the xed (minimum) value.
A proposal for the solution of the puzzle is eventually exposed in Setion 6, where the
Universe aeleration is related to the vauum energy through the introdution of the
dimensionless parameter δ, whih ats like a ompensating fator between the energy
density assoiated to the osmologial onstant and that estimated for the vauum en-
ergy in presene of a ut-o.
In Setion 7, onluding remarks follow.
1 Generalized Gravitational Ation
The dynamis of a gravitational eld assoiated to the metri tensor gµν , µ = 0, 1, 2, 3,
oupled to matter is desribed, as usual, by the following total ation:
S = SEH + SM , (1)
where SEH denotes the EH ation, and reads
SEH = − c
3
16πG
∫
d4x
√−gR, (2)
while SM refers to the matter ontribution, and an be expressed via the sum over all
the matter elds Lf , as
SM =
1
c
∑
f
∫
d4x
√−gLf , (3)
and
√−g ≡ detgµν . The form of the gravitational ation is xed by the request that
the eld equations ontain seond-order derivatives of the metri tensor only, and, by its
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variation with respet to the metri tensor gµν , it is natural to reognize the well-known
Einstein equations
Rµν − 1
2
gµνR =
8πG
c4
Tµν , (4)
where Tµν is the stress-energy tensor.
In the appliation of the variational priniple, the natural assumption that δgµν vanishes
on the boundaries of the onsidered spae-time region has to be adopted unless boundary
terms are inluded into the original ation. We also note that we ould get seond-order
equations from SEH beause of the appearane of surfae ontribution to the Rii salar.
This feature does not hold when, instead of R, we take a generi funtion of it; suh
a more general hoie is yet ompatible with the 4-dieomorphism invariane of the
theory, but it ould lead to very dierent dynamial impliations for the gravitational
eld. Over the years, many proposals have been addressed in this diretion [7℄, based on
the idea that higher-order ontributions ould beome important where the spae-time
urvature takes very large values, and ould remove unphysial singularities from the
theory [8℄.
We now x our attention to the generalization of the previous sheme when the following
gravitational ation is taken into aount
SG = − c
3
16πG
∫
d4x
√−gf(R) (5)
whose variation with respet to gµν yields the generalized Einstein equations
− 1
2
gµνf(R) + f
′(R)Rµν −∇ν∇νf ′(R) + gµν∇ρ∇ρf ′(R) = 8πG
c4
Tµν , (6)
where f ′(R) ≡ df(R)/dR.
It is immediate to reognize that, for f(R) = R, the usual Einstein dynamis is reovered.
As expeted, the new eld equations ontain higher-order derivatives, and, in partiular,
forth-order derivatives of the metri tensor appear.
1.1 Lagrangian approah for the FRW model
As an appliation of the generalized gravitational theory disussed in the previous se-
tion, let's now onsider the following FRW line element
ds2 = N(t)2dt2 − a(t)2dl2, (7)
N(t) being the lapse funtion, a(t) the osmi sale fator of the Universe and dl2 reading
dl2 =
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)
, (8)
with 0 < r < 1, 0 ≤ θ < π, 0 ≤ φ < 2π and k = 0,±1 denoting the sign of the spatial
urvature [9℄.
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Taking into aount the homogeneity request (whih implies the energy density ǫ = ǫ(t)
and the pressure p = p(t)) and applying to a xed volume of the expanding Universe
the rst thermodynamial priniple, dU = δQ − pdV , (with the isoenthropi harater
of the Universe, δQ = 0), we provide the following relation
d(ǫa3) = −3pa2da. (9)
In view of the homogeneity of the spae-time, the ation for the FRW model redues
to a 2-dimensional problem: in fat, the ation for the osmi sale fator a(t) and the
lapse funtion N(t) reads
S = − V c
4
16Gπ
∫
dtNa3f(R)− V
∫
dtNa3ǫ(a), (10)
where V is the volume of the spae portion on whih the ation is taken.
So far, varying this ation with respet to N , we obtain
a3f +Na3f ′
∂R
∂N
+
16Gπ
c4
ǫ− 6f ′′dR
dt
a2a˙
N2
− 6f ′
[
a2a¨
N2
+ 2
aa˙2
N2
− 2a
2a˙N˙
N3
]
= 0, (11)
and, in the synhronous referene, N = 1,
1
2
f + 3f ′
a¨
a
− 3f ′′dR
dt
a˙
a
= −8Gπ
c4
ǫ, (12)
whih is the same as the 00-omponent of the generalized Einstein equations for the
FRW metri, and redues to the standard Friedmann equation when f(R) ≡ R.
On the other hand, variation with respet to a leads to the generalized Euler-Lagrange
equation
∂L
∂a
− d
dt
∂L
∂a˙
+
d2
dt2
∂L
∂a¨
= 0. (13)
The validity of this equation requires that δa˙ vanish on the boundaries; nevertheless, a
large lass of variation funtions is still available for the alulation. Expressing (13) for
N = 1, we nd
− 1
2
f + f ′
[
− a¨
a
− 2 a˙
2
a2
− 2 k
a2
]
+ 2f ′′
dR
dt
a˙
a
+ f ′′′(
dR
dt
)2 + f ′′
d2R
dt2
= −8Gπ
c4
p (14)
whih oinides with the ii-omponents of the generalized Einstein equations in the
FRW metri. We stress that the equation above has been obtained making use of the
ontinuity equation (9).
Equations (12) and (14) desribe the whole dynamis of the FRW Universe in a syn-
hronous referene frame, when the gravitational Lagrangian is generalized, as in (9).
Finally, ombining together (12) and (14), we an restate, for our general ase, the well
known equation for the universe aeleration
1
6
(
f ′′′(
dR
dt
)2 + 3f ′′
[
d2R
dt2
+
a˙
a
dR
dt
]
+ f ′(−2 a˙
2
a2
− 2 k
a2
)− f
)
= −4πG
3c4
(ǫ+ 3p). (15)
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The results obtained in this setion are at the ground of our osmologial investigation
based on the generalized gravitational ation [10℄.
To onlude, we note that (12), (14) and (9) are among them orrelated ; in fat, as
it an be easily heked after straightforward alulation, dierentiating (12) and using
the ontinuity equation (9) , we generate (14). Thus, as in the standard ase, here we
deal with the three unknowns ǫ, p and a and two independent equations only arise for
them: as a onsequene, to develop a solution of our generalized FRW dynamis, the
equation of state p = (γ − 1)ǫ is required, i.e.,
ǫ(a) = Ca−3γ , C = const., (16)
p = (γ − 1)Ca−3γ , (17)
γ being the polytropi index.
2 Salar-tensor gravity
It is possible to demonstrate that the non-linear gravitational Lagrangian (5) an be ast
in a dynamially-equivalent form, i.e., the ation for a salar eld in GR (with a resaled
metri), by means of a suitable onformal transformation. Similarly, in Brans-Dyke
theory, and, in general, in salar-tensor theories, the original variables desribing the
metri and a salar eld in the Jordan frame an be transformed into two new variables
desribing the salar eld minimally oupled to gravity, in the Einstein frame. The two
desriptions are extremely interonneted [11℄, and an be interpreted as two dierent
mathematial versions of the same physis [12℄.
In order to illustrate this equivalene [13℄, as a rst step, two auxiliary elds, whih
play the role of Lagrange multipliers, an be introdued, and then, as a seond step, a
suitable onformal transformation for the metri tensor is performed, in order to bring
the ation in the usual form.
The rst step onsists in introduing the two Lagrange multipliers A and B, whih allow
one to rewrite (5) as
S =
1
k2
∫
d4x
√−g [B(R− A) + f(A)] , (18)
where variation with respet to B leads to R = A, while variation with respet to A
gives the identities
B = f ′(A), (19)
or, equivalently,
A = g(B). (20)
It is possible to eliminate either A or B from (18), thus obtaining
S =
1
k2
∫
d4x
√−g [B(R− g(B)) + f(g(B))] (21)
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or
S =
1
k2
∫
d4x
√−g [f ′(A)(R− A) + f(A)] , (22)
respetively. Equations (21) or (22) are equivalent, at least from a lassial point of view,
and are usually referred to as the Jordan-frame ation in presene of the two auxiliary
elds.
Furthermore, the onformal saling of the metri tensor
gµν → eφgµν (23)
an be taken into aount, in order to put the previous results in the Einstein frame.
For the partiular hoie φ = − ln f ′(A), ation (22) reads
s =
1
k2
∫
d4x
√−g
[
R − 3
2
gρσ∂ρφ∂σφ− V (φ)
]
, (24)
where
V (φ) =
A
f ′(A)
− f(A)
f ′(A)2
, (25)
i.e., this ation desribes a salar eld minimally-oupled to the resaled metri.
So far, the non-linear modied gravitational ation (5) and the salar-tensor model (24)
are very deeply linked, and an be interpreted, on shell (i.e., for φ = − ln f ′(A)), as two
dierent models desribing the same physis.
If a matter uid is taken into aount, the pertinent stress-energy tensor Tµν assoiated
to the energy density ǫ, the pressure p and the four-veloity uµ, Tµν = (ǫ+p)uµuν−pgµν ,
has to be resaled as
Tµν → e−φTˆµν , T µ ν → e−2φTˆ µ ν , (26)
aording to the onformal transformations indued by (23), i.e.,
uµ → eφ/2uˆµ, ǫ→ e−2φǫˆ, p→ e−2φpˆ. (27)
Nevertheless, the interpretation of the equivalene between the two models gives rise
to some remarks about the physial meaning of the transformation [14℄. In the Jordan
frame, gravity is desribed by the metri tensor only, while, in the Einstein frame,
the resaled metri tensor experienes the salar eld as a soure matter eld. These
onsiderations entail the disussion of the role of matter elds oupled to gravity. In
fat, non-linear theories of gravity in vauum [15℄ leave room for ambiguity about whih
frame should be onsidered as the physial one, while the presene of matter elds sheds
light on this indistintness by the request of a minimal oupling with gravity. The
mathematial equivalene between the two theories is ahieved dynamially, sine the
spaes of the lassial (on shell) solutions are loally isomorphi.
Without aiming at solving this interpretative ambiguity [16℄, throughout this paper we
will try to investigate the role and the properties of matter eld [17℄ in the determination
of osmologial solutions [18℄.
8
3 The vauum-energy problem
As well known [19℄, the vauum-energy density assoiated to a massless quantum eld
is a diverging quantity unless an appropriate normal ordering (whih, on urved spae-
time, would depend on the metri properties of the manifold) an be found; however,
if we x a ut-o on the momentum variable, Pmax = α
~
lpl
(α being a dimensionless
parameter of order unity) then the vauum energy density an be estimated as follows
ǫvac =
∫ Pmax
0
d3p
~3
cp =
∫ Pmax
0
4πp2dp
~3
cp = πα4ǫpl, (28)
where ǫpl ≡ ~c/l4pl.
By other words, we would have to deal with a vauum-energy density of a Plank-
mass partile per Plank volume. A more rigorous understanding for the parameter α
omes out from an approah based on GUP. Suh theories implement modied anonial
operators obeying the generalized relation
[x, p] = i~(1 +
1
α2
G
c3~
p2). (29)
This ommutation relation an be reognized on the ground of fundamental properties of
the Minkowski spae in presene of a ut-o, but it also omes out from quantum-gravity
and string-theory approahes [20℄. As a onsequene of non-ommutative models, we
deal with a notion of minimal length assoiated to a partile state. For instane, in the
ase of a non-relativisti partile [21℄, we get the following limit for its wave-length
lim
E→∞
λ(E) =
4
α
lpl, (30)
E being the energy of the partile.
For a disussion of a maximum value for a relativisti-partile momentum at Plank
sales, in the ontext of the k-Poinaré algebra, see [22℄. But it is worth noting that, in
our ase, the disussion above must be referred to a at FRW bakground, and, therefore,
all the observables orrespond with physial quantities orreted by the presene of the
sale fator.
However, no evidene appears today for suh a huge osmologial term; in fat, reent
observations on Supernova data [2℄ indiate that the Universe is now aelerating with
a non-denite equation of state [24℄. The indiation from osmi mirowave bakground
anisotropies suggests one that the most appropriate haraterization of suh an equation
of state be p ∼ −ǫ [23℄[1℄. However, when estimating this observed osmologial term,
it is immediate to reognize that it is extremely smaller than the ut-o value. In fat,
for the observed value of the onstant energy density, we get the estimation
ǫtoday ∼ 0.7ǫ0 ∼= 2c
2H20
8πG
=
1
4πα4
(
lpl
L
)2
, (31)
where ǫ0 denotes the present Universe ritial density ǫ0 ∼ O(10−29)gcm−3, H0 ∼
70Kms−1Mpc−1 the Hubble onstant, and ǫtoday the present value of the vauum-energy
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density; sine LH ≡ cH0 ∼ O(1027cm−1), we see that a large fator 10−120 appears in
(31), i.e. ǫtoday ∼ O(10−120)ǫvac. It is well known that this striking disrepany between
the expeted and the observed value of the vauum energy onstitutes one of the greatest
puzzle of modern osmology [4℄. Below, we will propose a solution to suh a puzzle based
on the peuliarity that a deSitter dynamis aquires in the ontext of an exponential
form of the gravitational Lagrangian.
4 Exponential Lagrangian Density
Reent observations based on Supernova [2℄ data indiate that the universe is now ael-
erating with a non-denite equation of state [24℄. The indiation from osmi-mirowave-
bakground anisotropies suggests one that the most appropriate haraterization of suh
an equation of state be p ∼ −ǫ [1℄, i.e. a osmologial term. The appearane of a non-
zero osmologial onstant indiates that f(R = 0) 6= 0, while the EH ation is a linear
term in R, with the same sign of the previous one. To deal with f(R) as a series ex-
pansion, we would have, in priniple, to x an innite number of oeients. However,
in what follows, we address the point of view that only one harateristi length xes
the dynamis: the osmologial onstant Λ, apart from the Plank length, whih an be
onstruted with the fundamental units G, c, h as lpl ≡
√
(G~/c3). As a onsequene of
this point of view, we x the following expliit form for f(R)
f(R) = λeµR, (32)
where λ and µ are two onstants available for the problem. For a disussion of the
loal dynamial stability of a Universe desribed by this kind of Lagrangian, see [25℄.
Comparing the rst two terms that ome from the expansion of (32) (valid in the region
µR≪ 1 ), with the EH ation plus a osmologial term, i.e.
L = − ~
16πl2P
(R + 2Λ) , (33)
we arrive at the following identiations
λ = 2Λ, µ =
1
2Λ
. (34)
As required, our gravitational Lagrangian is xed by one parameter only, whih has to
be provided by observational data.
When speied for the present hoie of the Lagrangian density, the two eld equations
for the FRW model, (12) and (14), take the expliit expressions
ΛeµR + 3eµR
a¨
a
− 3
2Λ
eµR
dR
dt
a˙
a
= −8Gπ
c4
ǫ (35)
−ΛeµR+eµR
[
− a¨
a
− 2 a˙
2
a2
− 2 k
a2
]
+
1
Λ
eµR
dR
dt
a˙
a
+
1
(2Λ)2
eµR(
dR
dt
)2+
1
2Λ
eµR
d2R
dt2
= −8Gpi
c4
p, (36)
respetively.
These two equations have to be oupled to the ontinuity equation (9) and to the equa-
tion of state p = (γ − 1)ǫ.
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deSitter regime As a rst step of this generalized FRW dynamis, we fae the study
of the deSitter model, where a onstant vauum energy density is taken into aount.
To this end, we take a osmi sale fator of the form
a = a0e
σt, a0 = const, σ = const. (37)
It is easy to reognize that for suh a hoie, the Rii salar rewrites R = −12σ2/c2;
hene, aording to the equation of state of a osmologial onstant p = −ǫ, equation
(35) redues to the simple form
ǫ = −ǫΛe−x
(
1 +
x
2
)
(38)
ǫΛ ≡ c
4Λ
8πG
, x ≡ 6σ
2
c2Λ
. (39)
The expression above has the surprising feature that the energy density would aquire
a negative sign. This unphysial property of the model is formally removed as soon as
we expand the exponential term in orrespondene to small values of the dimensionless
onstant x, and, restating the usual Friedmann relation, we get
ǫ = ǫΛ
(x
2
− 1
)
⇒ σ2 = 8πG
3c2
(ǫ+ ǫΛ) . (40)
Thus, when the expansion rate of the Universe σ is muh smaller then the osmologial
onstant Λ, we get the usual Friedmann relation between matter and geometry. But,
though suh a standard relation is apparently reprodued as a low-urvature approxi-
mation for x≪ 1, nevertheless its inonsisteny shows up when (40) is restated as
x = 2
(
ǫ
ǫΛ
+ 1
)
. (41)
We see that, by the expression above, for positive values of ǫ and ǫΛ, the quantity x has
always to be greater than two, in lear ontradition with the hypothesis x≪ 1, at the
ground of the derivation of (40). Though we are dealing with a surprising behavior, due
to the negative ratio ǫ/ǫΛ, i.e., Λ < 0, however this feature oers an intriguing senario.
In fat, in the next setion, we will apply relation (41) to treat the non-observability of
the universe vauum energy in onnetion with the present Universe aeleration.
We onlude this setion by emphasizing that (38) admits a speial vauum solution
(ǫ ≡ 0), whih orresponds to the relation x ≡ 6σ2
c2Λ
= −2. For the hoie of a negative
osmologial onstant, Λ = − | Λ |, the equation above provides
σ2 =
c2 | Λ |
3
. (42)
Thus we see that, in vauum, our model has the peuliar feature of prediting a deSitter
evolution in orrespondene to a negative Λ value [26℄. However it should be noted that,
for this value of x = −R/(2Λ), the exponential Lagrangian annot be expanded, and we
deal with the full non-perturbative regime with respet to the Einsteinian gravity. It is
just the request to deal with an expandable Lagrangian that leads us to deal with the
ase x≪ 1 and to introdue an external matter eld.
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5 Salar-tensor exponential gravity
The salar-tensor formalism reviewed in Setion 2 is here applied to the partiular hoie
of the exponential Lagrangian density, in order to larify the meaning of the relations
found in the previous setion.
The onformal saling fator here reads
f(A) = λeµA, f ′(A) = e−φ, (43)
where A = −φ/µ, and the potential rewrites
V (φ) = −2Λeφ(φ+ 1). (44)
Aording to the results of setion 4, the on-shell relation between the Einstein frame
and the Jordan one is reognized in the identiation A ≡ R⇒ φ ≡ −R/(2Λ).
Colleting all the terms together, we get the salar tensor ation
S = − c
3
16πG
∫
d4x
√−g
[
R +
3
2
gµν(∂µφ)(∂νφ)− 2Λeφ(φ+ 1)
]
. (45)
Two remarks are now in order:
1. for the omparison of (45) with the usual form of the salar eld, a transformation
φ→
√
16πG
3c4
φ ould be onsidered1;
2. potential (44) is here referred to as one with Λ retaining its own sign. For a
disussion of the ase Λ > 0 in the quantum setor, where the potential admits
no minimum, see Setion 6. If one is interested in a desription where a stable
equilibrium is foreast for the eld φ, the sign of the onstant Λ should be reversed,
i.e., Λ→ −|Λ|, as illustrated in gure 1.
This way, the onstant Λ does not desribe the observed osmologial term any
more, but is a parameter of the theory, whih will be tuned in order to reprodue
the observational data.
For the onsiderations above, ation (45) rewrites
S =− c
3
16πG
∫
d4x
√−gR+
+
1
c
∫
d4x
√−g
[
−1
2
gµν(∂µφ)(∂νφ) + ǫ|Λ|e
q
16piG
3c4
φ
(√
16πG
3c4
φ+ 1
)]
,
(46)
1
We stress that the fator
√
16piG
3c4
that arises in front of the kineti part of the Lagrangian density
is independent of the hoie of the funtion f . We nevertheless perform this transformation in this
setion in order to keep the notation ompat.
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φ
0
V
(φ)
Figure 1: V (φ) vs φ with Λ = − | Λ | (arbitrary units).
whose variations lead to the salar-tensor Einstein equations in presene of a matter
soure desribed by the energy-momentum tensor Tµν
Rµν − 1
2
gµνR =
8πG
c4
(
Tˆµνe
−
q
16piG
3c4
φ
+ Tµν(φ)
)
, (47)
gµν∇µ∇νφ+ dV
dφ
= 0. (48)
If we speialize the resaled metri tensor to the ase of an isotropi Universe, then
we deal with the FRW line element, and all the dynamial variables depend on time
only. For this ase, taking the matter soure in the form of a perfet uid with resaled
quantities, the Einstein-salar system above rewrites(
a˙
a
)2
=
8πG
3c2
(
e
−2
q
16piG
3c4
φ
ǫˆ(t) +
1
2
φ˙2 +
1
2
V (φ)
)
(49)
2
a¨
a
+
(
a˙
a
)2
= −8πG
c2
(
e
−2
q
16piG
3c4
φ
pˆ(t) +
1
2
V (φ)
)
(50)
φ¨+ 3Hφ˙+ c2
dV (φ)
dφ
= 0, (51)
where H ≡ a˙/a.
Equations (49) and (50), i.e., the 00 and ii omponents of the Einstein equations, are
not independent, but linked by the resaled ontinuity equation
d
dt
(
e
−2
q
16piG
3c4
φ
ǫˆ(t)
)
= (ǫˆ(t) + pˆ(t)) e
−2
q
16piG
3c4
φ 1
a3
da3
dt
. (52)
It's worth remarking that, for the present hoie of the negative onstant, the potential
V (φ) admits now a minimum for φ = φ0 ≡ −2
√
3c4
16πG
, and the orresponding linearized
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equation reads
φ¨+ 3Hφ˙+
2
3
c2|Λ|e−2
(
φ+ 2
√
3c4
16πG
)
= 0. (53)
The appearane of this minimum is expeted to beome relevant in the dynamis of the
salar eld beause it is a well-known result that its total energy density follows the
relation
d
dt
(
φ˙2
2c2
+ V (φ)
)
= −3H φ˙
2
c2
< 0, (54)
where we are assuming an expanding universe, i.e., H > 0. In fat, starting with a given
value of the energy density, sooner or later, the frition due to the universe expansion
settles down the salar eld near its potential minimum [27℄.
deSitter regime All these results an apply to the deSitter phase, and a omparison
with the issues of Setion 4 an be addressed. Therefore, in what follows, we searh for
a solution of the linearized salar eld equation (53), in orrespondene with the hoie
a(t) = a0e
σt
and ǫ(t) ≡ ε = const.
The linearized equation (53) then rewrites
φ¨+ 3σφ˙+
2
3
c2|Λ|e−2
(
φ+ 2
√
3c4
16πG
)
= 0, (55)
whose solution around the minimum is
φ = −2
√
3c4
16πG
+ e−
3
2
σt [C+ cos β+t + C− sin β−t] , (56)
where C± are two arbitrary onstants, and
β± ≡ ∓i
√
|Λ|c2
√
3x
2
− 8
3
e−2 : (57)
the disriminant (57) is negative for x < 0.24, and, beause of the presription x≪ 1, it
is always negative, so that the eld φ tends, as expeted, to
√
16πG
3c4
φ0 = −2. It is worth
remarking that the on-shell relation provides the identiation
√
16πG
3c4
φ0 = − 6σ2Λc2 = −2.
Solution (56) an now be inserted in (49): sine the time derivative of the salar eld
an be negleted in the viinity of the minimum, the new Friedmann equation reads
σ2 =
8πG
3c2
(
ǫˆe4 − ǫˆ|Λ|e−2
)
, (58)
and an be ompared with (40): beause of the onformal transformations (27) and
(23), the two equations ompletely math. In fat, the dierent modiations to the two
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energy densities ǫˆe4 and ǫˆ|Λ|e
−2
are due to the oupling of the salar led with matter and
to the onformal transformation of the metri, respetively. Obviously, in both Jordan
and Einstein frame, the metri struture remains that of a deSitter phase simply beause
the onformal fator e−2 is nearly onstant around the minimum. We reall that the
value φ0 = −2
√
3c4
16πG
would orrespond to the hoie x = −R/(2Λ) = −2 in the Jordan
frame dened in setion 4. However, we easily hek that, in the salar-tensor theory,
suh a hoie an no longer be a vauum solution of the theory. In fat, in absene of
matter (ε ≡ 0) we would deal with a negative osmologial onstant as a soure of the
expansion rate of the universe. However, the orrespondene between the Einstein and
the Jordan frame takes plae as far as we ompare equation (58) when a onstant energy
density is inluded with relation (40) obtained for x≪ 1. Thus we are led to postulate
an o-shell orrespondene between the analysis developed for a deSitter spae, in whih
the expansion rate of the universe is muh smaller than the | Λ | value, and the salar-
tensor approah near the stable onguration, as far as matter a soure is inluded too.
The o-shell orrespondene provides us with a valuable tool to regard the potential
dened in (46) as an attrative onguration in the exponential-Lagrangian dynamis.
Colleting the two points of view together, we an laim that, when dealing with an
exponential Lagrangian, a deSitter phase exists, suh that ǫ ∼ ǫ|Λ| and it orresponds
with general features in the spae of the solution.
6 Proposal for an explanation of the osmologial
term
Here we ollet the issues of the previous setions together, in order to provide an ex-
planation for the reason why the large value of the vauum-energy density is today
unobservable, or redued to the atual osmologial onstant O (10−120) orders of mag-
nitude smaller than it. We speify that our sheme does not x the present osmologial
term, but simply outlines the mehanism for a anellation of the original ut-o term.
Implementation of a oherent osmologial model In the light of the disussion
above, whih alls attention for a solution of the vauum-energy problem, we are now
ready to formulate our proposal for a oherent onstrution of our model. However,
before pieing the jigsaw together, we must fous our attention on some relevant features,
whih arise from the previous analysis. The exponential Lagrangian is haraterized,
as established here, by a single parameter, aording to whih the expansion of the
exponential term into power series holds, and whih xes the zero order term of suh an
expansion, i.e., a osmologial onstant. The peuliar feature of this formulation onsists
of the following onsideration. The exponential term is expandable only if R/(2 | Λ |
)≪ 1, but this would imply that the dynamis must ontain a osmologial term muh
greater than the Universe urvature, i.e., an inonsisteny whih apparently prevents us
from reovering the Einstein limit. On the other hand, signiant ontributions from
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powers R/(2 | Λ |) ≤ 1 would be predited in a regime where the expansion of the
exponential term does not hold. We analyzed the deSitter regime in some detail beause
it turns out analytially treatable and very useful for the investigation of the behavior
of the exponential term, sine we deal with R = const. The main result we get in
the pure geometrial (Jordan) frame is that the vauum dynamis admits a deSitter
phase in orrespondene with a ertain negative value of Λ and the additional presene
of matter is observable instead only if its onstant energy density and ǫΛ have opposite
signs. Furthermore, the vauum solution lives in the non-Einsteinian region (x≪ 1). On
the ontrary, in the salar-tensor sheme, when the non-Einsteinian features are reast
as matter soure, we nd an attrative piture in orrespondene with the same (on-
shell) value x = −2, but it turns out admissible only in presene of matter. These two
dierent representations of the new osmologial dynamis an math only if we assume
that the system evolution is always onerned with a onstant matter ontribution and
if suh a soure nearly anels the negative osmologial term, so that we x x ≪ 1.
The universal features of suh a matter ontribution and its onstant value suggest one
to identify it with the vauum energy disussed in the previous setions. Moreover, the
anellation required to get x ≪ 1 is the natural senario in whih a reli dark energy
an be reognized.
The reason why the anellation proposed between the Λ term and the vauum energy
density provides the right order of magnitude of the dark-energy ontribution an be
reognized in the following fat. By the struture of our model, the reli onstant energy
density must be a fator O(R/(2 | Λ |)) smaller than the dominant ontribution O(ǫΛ).
Thus if we take the vauum energy density lose to the Plankian value (as suggested
in Setion 4) then the atual ratio R/(2 | Λ |) is of order O(10−120). Suh a quantity
behaves like O( l2Pl
L2
H
), where LH ∼ O(1027cm) is the present Hubble radius of the universe.
However, it must be remarked that suh a onsideration holds in the ase ǫΛ and the
vauum energy density are the only ontributions.
If, as below, an additional physial matter eld is added, then the reli dark energy
ontribution is simply onstrained to be less than the fator R/(2 | Λ |) of the vauum
energy. (For a reent approah whih proposes a possible explanation for the value of
the present Dark Energy ontribution, see [28℄).
Friedmann dynamis in the salar-tensor sheme Dividing the soure energy den-
sity into the form
ǫmat = ǫvac + ρ(t), (59)
where ρ(t) is a generi eld ontribution, then the Friedmann equation for the salar-
tensor sheme in proximity of the minimum φ0 reads(
a˙
a
)2
=
8πG
3c2
(
(ǫˆvac + ρˆ(t))e
4 − ǫˆ|Λ|e−2
)
. (60)
Sine the ompatibility of the Jordan- and the Einstein-frame approahes requires that
the expansion rate of the Universe be muh smaller than the orresponding parameter Λ,
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then we are led to aount for the non-exat anellation of the vauum-energy density
by the small parameter δ ≪ 1 as follows.
If we take ǫˆvace
4 = e−2ǫˆ|Λ|(1 +
δ
2
) = πe4α4ǫpl, i.e., | Λ |∼ 8π2α4e6/l2pl, eq. (60) restates(
a˙
a
)2
=
8πG
3c2
(
ρˆ(t)e4 − ǫˆ|Λ|e−2 δ
2
)
. (61)
Thus, when the onstant energy density dominates, we reognize δ = O( l2Pl
L2
H
), sine now
ǫ|Λ| has a Plankian value. We note that the fator e
6
appearing in the expression of
Λ is of ourse present only in the salar-tensor theory, beause of the resaling of the
involved energy densities.
Friedmann dynamis in the f(R)-frame On the other hand, this piture an be
reovered even in the original Jordan frame, as far as we observe that, for a Plankian
value of Λ, the exponential Lagrangian is expandable in power series immediately after
the Plankian era of the Universe. In fat, as far as we x ǫΛ at Plankian sales,
then, as emphasized above, we automatially get for δ ≡ x of order O(10−120). By
other words, even in the Jordan frame, our model is able to explain the vauum-energy
anellation and to determine the amplitude of the ompensating fator δ simply by
the assumption that the gravitational ation ontain the Plank length as the only
fundamental parameter.
If we now introdue a pure matter ontribution, ǫmat ≪| ǫvac |, it is easy to reognize that
the standard Friedmann equation with the present osmologial onstant is reovered:
H20 =
Λc2
6
(
ǫvac + ǫmat
ǫΛ
+ 1
)
=
8πG
3c2
ǫmat +
δΛc2
6
. (62)
All our onsiderations refer here to the deSitter solution, and, therefore, ǫmat is to be
regarded as onstant. However, it is naturally expeted that the Friedmann equation
with a small osmologial term arises as low-energy urvature of this theory for any de-
pendene on ǫmat; in fat, for our hoie of ǫΛ, the Lagrangian density of the gravitational
eld expliitly reads
L =
~
l4pl
πα4e
−Rl2
pl
16pi2α4 . (63)
From this expression for the gravitational-eld Lagrangian density, we reognize that,
as far as the typial length sale D ≫ lpl of the urvature (R ∼ 1/D2), we an address
the expansion in terms of small quantity l2pl/D2
L ≃ ~
l4pl
πα4 − ~
16πlpl
R +O
(
1
D2
)
(64)
This approximated Lagrangian density would provide for the FRW metri the following
Friedmann equation (
a˙
a
)2
=
8πG
3c2
[
ǫmat(t) + ǫΛ
(
ǫvac
ǫΛ
+ 1
)]
. (65)
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Suh an approximated equation, isomorphi to (61), allows us to reprodue all the onsid-
erations developed about the exat deSitter ase. However, the analysis performed above
is relevant in the Jordan frame in outlining the neessity of the onstraint ǫvac/ǫΛ ∼ −1.
In fat, the exat deSitter ase laried that, for positive Λ values, this relation is the
only one able to provide the onsisteny of the Friedmann equation aording to an ex-
ponential Lagrangian density. This feature ould not be reognized by an approximated
analysis, as in (65).
Hints for the quantum regime of the model As disussed in Setion 5, the potential
of the salar eld admits a minimum if the sign of the parameter Λ is reversed. The
present paragraph, on the ontrary, is aimed at investigating a model where the potential
term admits no minimum, i.e., a model with an absolute maximum and a slow-rolling
regime, as desribed in gure 2.
0
φ
0
V
(φ)
Figure 2: V (φ) vs φ with Λ > 0 (arbitrary units).
We stress that in this ase the negative ratio ǫvac/ǫΛ ould take plae only in orre-
spondene with the apparently unphysial request ǫvac < 0.
A late-time solution φ(t) an be looked for, aording to the potential prole, suh that
φ˙(t)→ 0 in the limit φ(t)→ −∞ and V (φ(t)→ −∞)→ 0. In what follows, we disuss
the behavior of our salar-tensor model near the osmologial singularity and provide
some hints about its quantum dynamis. The ase Λ > 0, as remarked above, admits no
stable onguration; the analysis below, however, would apply also in the ase | Λ |< 0,
beause the behavior of the salar eld in the viinity of the singularity would hold as
well, but for the fat that, for φ→∞ no stable onguration would be reahed.
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In absene of external matter, i.e., ǫ(t) = 0, the Friedmann equation (49) simplies as
(
a˙
a
)2
=
8πG
3c2
φ˙2
2
: (66)
if only the positive root is taken into aount, the sale fator a aquires the form
a = a0e
q
4piG
3c2
φ
, (67)
where a0 is an integration onstant. This way, the sale fator a tends to 0 as the eld
φ tends to −∞.
As a next step, in this approximation, the linearized equation for the eld φ (53) reads
φ¨+ 3Hφ˙ = 0, (68)
where H = a˙/a, so that
φ˙ =
φ˙0
a30
e
−
q
12piG
c2
φ
, (69)
φ˙0 being an integration onstant. Consequently, the time dependene of φ(t) and a(t)
an be found, i.e.,
φ =
√
c2
12πG
ln
[√
12πG
c2
φ˙0
a30
(t− t0)
]
, (70)
a =
φ˙0
a20
√
12πG
c2
t1/3. (71)
As requested, at the time t0 = 0, the eld (70) tends to −∞ [29℄.
So far, it is possible to verify that the potential V (φ) and its rst derivative ould be ne-
gleted in (49) and (53): in fat, its ontribution at early times is of orderO(t3/2 ln(t+1)),
whih an be ignored in the presene of the leading-order termsO(t−2) due to both (a˙/a)2
and φ˙2.
Reent studies in Loop Quantum Gravity (LQG) outlined that the expetation value
of the Hamiltonian operator in a given state is, in general, dierent from the lassi-
al Hamiltonian ontribution and this dierene is responsible for systemati quantum
orretions to the lassial energy density involved in the problem. In partiular, ap-
pliation of this quantum sheme to the isotropi FRW Universe (in the presene of a
massless salar eld, whih plays the role of time) provided modied relations between
the Hubble parameter and the energy density of the Universe; this eetive osmolog-
ial dynamis is mapped into the original Friedmann equation as soon as we allow the
energy density of the Universe to beome negative over ritial values, i.e., the following
orrespondene takes plae
ǫ→ ǫeff ≡ ǫ
(
1− ǫ
ǫcrit
)
, ǫcrit =
√
3
16π2γ3
ǫpl, (72)
19
where ǫcrit (with γ the Immirzi parameter) is a ritial value of the energy density two
orders below the Plank sale, over whih the matter ontribution beomes negative, thus
illustrating a repulsive nature of the gravitational eld near the (removed) osmologial
singularity. In fat, in a standard Friedmann dynamis, this peuliar matter soure
indues a boune in the dynamis of the sale fator, solving the singularity problem
and opening interesting perspetives on the yli evolution of the losed Universe.
These developments an apply to the salar-tensor model equivalent to the hoie of an
exponential gravitational ation. In partiular, as hinted by (70), a region an be found,
where the potential V (φ) an be negleted. If external matter is absent, the results of
LQG an apply to our sheme in suh a region, by modifying the Friedmann equation
(49), i.e., (
a˙
a
)2
=
8πG
c2
ǫeff (φ), (73)
where ǫeff (φ) = ǫ(φ)
(
1− ǫ(φ)
ǫcrit
)
, aording to (72). In presene of external matter, on
the other hand, we obtain(
a˙
a
)2
=
8πG
c2
(
ǫeff (φ) + ǫ(t)e
−2
q
16piG
3c4
φ
)
. (74)
We note that we an so far analyze the impliation of the dynamial equivalene between
modied gravity and salar tensor approahes. In fat, the on-shell request gives
φ = −µR = − R
2Λ
(75)
and, by the power-law (71), R = 1/(3t2), whih does not math the solution (70) found
for φ, where the funtional dependene on time is logarithmi. Nevertheless, as a gen-
eral trend, the urvature salar diverges as φ tends to −∞,i.e., at very early times the
on-shell relation is qualitatively satised.
This analysis shows that near the osmologial singularity our salar-tensor theory takes
the form of general relativity in the presene of a massless salar eld. This fat allows
us to infer some possible issues of its quantization [30℄.
As a result, we an laim that our proposed non-Einsteinian sheme is haraterized
by a non-singular behavior when the orresponding salar-tensor piture is anonially
quantized. In fat, the possibility to neglet the potential eld as the big-Bang is lassi-
ally approahed is mapped by the results disussed in [5℄ into a Big-Boune. However,
two relevant questions have to be faed here
1. A LQG formulation for the generalized f(R) gravity is not yet viable and the or-
respondene between the Jordan and the Einstein frame on quantum level annot
be addressed;
2. The non-singular feature we established here in view of the possibility to neglet
the potential term near the osmologial singularity an be extended to a wide
lass of salar-tensor theories orresponding to the f(R) formulation.
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In partiular, by the alulations above, the potential term is negligible in the asymptoti
behavior towards the singularity as far as V (φ) evaluated for (70) behaves as O(t−2+β),
with β > 0. The ondition on the potential term, whih satises suh a request, an be
easily stated as
lim
φ→−∞
V (φ)
φθe
−2
q
12piG
c2
φ
= 0, (76)
∀θ > 0. Let's remark that the behaviour of a potential term ∼ e−2φ would orrespond
to a generalized gravitaitonal Lagrangian linear in the R variable.
7 Conluding Remarks
After deriving the Einstein equations for a generalized gravitational ation and speify-
ing the results for an FRW metri, the partiular hoie of an exponential Lagrangian
density has been analyzed.
The free parameters of suh a Lagrangian density have been xed as funtions of the
osmologial onstant, and, in the deSitter regime, the ratio between the vauum-nergy
density and the geometrial ontribution has been illustrated to aquire a negative sign,
whih has been the springboard for the investigation of the relation between the vauum-
energy and ut-o approahes to the geometrial desription of the Universe. In par-
tiular, the ut-o introdued in the vauum-energy density has been linked with the
modied ommutation relation following from a generalized unertainty priniple, and
has been xed at Plank sales.
The negative sign of the ratio ǫvac/ǫΛ not only explains the non-observability of the ut-
o vauum-energy density and is in line with the LQC predition of the Big Boune in
an FRW metri, but also allows one to reover the standard Friedmann equation in the
deSitter phase, when the matter ontribution is taken into aount, and for any hoie
of the matter terms.
Studying some aspets of the pertinent salar-tensor desription has allowed us to inves-
tigate further onnotations of the implementation of suh a sheme. In partiular, the
physial meaning of the sign of the osmologial onstant has been explained to provide
interesting hints about osmologial impliations. For Λ < 0, the aelerating Universe
is predited to stabilize around the minimum of the salar potential, while, for Λ > 0, a
possible onnetion with LQC has been envisaged.
The main issue of our analysis has onsisted in xing the link between the vauum-
energy anellation and the present Universe Dark Energy. By other words, we have
guessed that the atual aeleration, observed via SNIA, is due to the reli of the origi-
nal huge vauum energy, after its mean value has been ompensated for by the intrinsi
osmologial onstant Λ ontained in the exponential Lagrangian. We will address the
theoretial explanation of the phenomenologially-suggested ne tuning, δ ∼ O(10−120),
as a prospetive investigation.
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